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We analytically study the optical appearance of an isotropically emitter orbiting near the horizon
of a near-extremely rotating Kerr-Sen (KS) black hole which is an electrically charged black hole
arising in heterotic string theory. We study the influence of the Sen charge on the observational
quantities, including the image position, flux and redshift factor. Moreover, we compare the results
with those for a near-extremal Kerr-Newman (KN) black hole, which is the charged rotating black
hole in general relativity. We find quantitative corrections of the signatures of these charged black
holes (both KS and KN) compare to that of a neutral Kerr black hole. This may serve as distinctive
features of different black holes for future tests by the Event Horizon Telescope.
I. INTRODUCTION
Black holes are among the most important predictions
of general relativity (GR), as well as other gravitational
theories. Thus, attempts to discover black holes have
received continuing impetus over many decades. Now it
eventually has become reality with the detections of grav-
itational waves (GWs) by LIGO and Virgo [1, 2] and with
the first image of the black hole M87 photographed by
the Event Horizon Telescope (EHT) Collaboration [3–8].
Yet, there is still an urgent need for more precise theoret-
ical templates to match these data, which has triggered
exciting research among the gravity community [9–13].
From the first image of the M87, a bright ring sur-
rounding a dark region was observed as an important
feature of a black hole. The dark region is known as
the “black hole shadow” and the bright ring is elicited
by the luminous sources outside the black hole [3]. This
observed bright ring has an intricate substructure, which
can produce strong and universal signatures on long in-
terferometric baselines [12]. As we know, a black hole
is invisible and it is the surrounding luminous matters
that make the black hole observable. Thus, the appear-
ance of a black hole depends closely on its surroundings.
Within the surrounding luminous matter, a bright point
emitter (localized emissivity enhancement, also refer to
as “hot spot”) is particularly interesting and can produce
striking observational signals. In the 1970s, the optical
appearance of a hot spot (star) orbiting on a circular
orbit of the extremal Kerr black hole has been studied
in Refs. [14, 15]. Recently, the observational signature
produced by a hot spot on, or near, the innermost sta-
ble circular orbit (ISCO) of a near-extremal Kerr black
hole has been studied in Ref. [16], where a striking sig-
nature of high spin Kerr black hole was found. Later,
minyongguo@pku.edu.cn
† songsp@mail.bnu.edu.cn
‡ Corresponding author:haopeng.yan@nbi.ku.dk
the influence of a surrounding plasma on that signature
has been studied in Ref. [17]. Besides these, the image of
a non-stationary plunging hot spot approaching a black
hole has been studied in Refs. [18–20]. All these studies
are based on the assumption that the underlying gravity
theory is general relativity. Nevertheless, there are also
black holes in alternative gravity theories [21–26] based
on different motivations. It is interesting to study the
observational signature of a black hole (and hot spot)
in these theories. Given this motivation, the signature
of a Kerr-MOG (KM) black hole in the scalar-tensor-
vector modified gravity theory (MOG) has been studied
in Ref. [27]. Among other gravity theories that mod-
ify GR, perhaps the most theoretically important one is
string theory, since it is one of the most attractive can-
didates for quantum gravity and unified theory. Thus,
in this paper we will study the observational signals pro-
duced by a hot spot orbiting a near-extremal rotating
black hole arising from the string theory.
In a low-energy limit of heterotic string theory, a ro-
tating black hole solution has been found in Ref. [21],
known as the Kerr-Sen (KS) black hole. In addition to
the mass M and angular momentum J , the KS black
hole has a third physical parameter: the electric charge
Q corresponding to a U(1) gauge field. Much atten-
tion has been paid to the KS black hole including stud-
ies of null geodesics, photon motion and optical appear-
ance (shadow) of a black hole [28–33]. Moreover, the
apparent shape in the KS spacetime has also been com-
pared to those in various charged/rotating black holes
and naked singularities of the Kerr-Newman (KN) class
of spacetimes [31]. It is instructive to compare the re-
sults for the KS black hole with those for the KN black
hole since the later is the charged and rotating solution in
the Einstein-Maxwell theory [i.e., GR coupled to a U(1)
gauge field]. The main target of this paper is therefore
to compute the signature produced by a hot spot near a
near-extremal KS black hole, and compare this to that
of a near-extremal KN black hole. By comparison, we
find that the expressions of the metrics for extremal KN
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2and KM black hole are mathematically identical upon re-
placements of two corresponding parameters, and so do
the observational quantities. We then quote relevant re-
sults for the KM case from Ref. [27] and transfer them
to the observational quantities for the KN case. We find
that the general qualitative features of the hot spot im-
age in the KS case are the same as those in the Kerr
spacetime, while quantitative corrections appear when
the Sen charge is non-zero. Moreover, the U(1) charges
in both KS and KN cases trend to have positively corre-
lated influences on most of the observables, however, the
magnitudes are distinguishable.
This paper is organized as follows. In Sec. II, we re-
view the Kerr-Sen spacetime and the geodesics in this
spacetime. In Sec. III, we set up the problem of the
observational appearance of an orbiting emitter for the
general case. We write down the lens equations to be
solved and write down the observational quantities that
we are interested in. In Sec. IV, we solve this problem
for the near-extremal case to the leading order in the
deviation from extremality. In Sec. V, we present our
results with a figure and compare the results with those
for the KN case with a table, and we discuss these in
detail. In Appendix A, we revisit the KN spacetime and
introduce its observational appearance. In the remaining
Appendixes, we describe some technical steps. Unless
otherwise stated, we set c = GN = 1 throughout the
paper.
II. KERR-SEN BLACK HOLE AND GEODESICS
IN KERR-SEN SPACETIME
The Kerr-Sen (KS) black hole spacetime is described
by a 4-dimensional effective action arising from heterotic
string theory:
S = −
∫
d4x
√−Ge−Φ
(
−R+ 1
12
H2
−Gµν∂µΦ∂νΦ + 1
8
F2
)
, (1)
where R and Φ are the scalar curvature and the dilation
field, respectively, and F2 = FµνFµν with Fµν being the
field strength corresponding to the Maxwell field Aµ, and
H2 = HµνρHµνρ. (2)
Here, the expression of Hµνρ is of the form
Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν
−1
4
(
AµFνρ +AνFρµ +AρFµν
)
, (3)
with Bµν being an axion field. Gµν appearing in Eq. (1)
are the covariant components of the metric in the string
frame, which are related to the Einstein metric by gµν =
e−ΦGµν . The Einstein metric, gauge field strength and
electromagnetic potential in Boyer-Lindquist coordinates
read [21]:
ds2 = −∆
ρ2b
(dt− a sin2 θdφ)2 + sin
2 θ
ρ2b
(adt− δdφ)2
+
ρ2b
∆
dr2 + ρ2bdθ
2 (4)
= −∆ρ
2
b
Ξ
dt2 +
ρ2b
∆
dr2 + ρ2bdθ
2 +
Ξ sinθ
ρ2b
(dφ− ωdt)2,
H = −2ba
ρ2b
dt ∧ dφ ∧ [(r2 − a2 cos2 θ) sin2 θdr
−r∆ sin 2θdθ],
A = −Qr
ρ2b
(dt− a sin2 θdφ), Φ = 2 log
(
ρ
ρb
)
,
where we have defined
ρ2 = r2 + a2 cos2 θ, ρ2b = ρ
2 + 2br,
δ = r2 + a2 + 2br, ∆ = δ − 2Mr,
Ξ = δ2 −∆a2 sin2 θ, ω = 2aMr/Ξ.
(5)
This Einstein metric describes a KS black hole with mass
M , U(1) charge Q =
√
2Mb, and angular momentum
J = Ma with a and b the spin and twist parameters,
respectively. The metric reduces to the Kerr geometry
when the twist parameter b goes to zero. The horizons
are determined by the roots of ∆ = 0, as
r± = M − b±
√
(M − b)2 − a2, (6)
where r± denote the outer and inner horizon, respec-
tively. The regularity of the event horizons requires
a ≤M − b, (7)
and the extremal case is obtained for equality in (7) be-
ing taken. When b and a are bounded, respectively, we
obtain the corresponding ranges for a and b as
0 ≤ a ≤M, 0 ≤ b ≤M. (8)
Consider a particle (or photon) of mass m moving in
the KS spacetime with 4-momentum pa =
(
∂
∂τ˜
)a
with
τ˜ an affine parameter which is related to the particle’s
proper time τ by τ˜ = τ/m. Then the 4-momentum of
the particle takes the general form
pa = t˙
(
∂
∂t
)a
+ r˙
(
∂
∂r
)a
+ θ˙
(
∂
∂θ
)a
+ φ˙
(
∂
∂φ
)a
, (9)
where “ · ” denotes the derivative with respect to τ˜ . The
3conserved quantities along the trajectory are
−m2 = gabpapb, (10a)
E = −gabpa
(
∂
∂t
)b
= −pt, (10b)
L = gabp
a
(
∂
∂φ
)b
= pφ, (10c)
Q = p2θ − cos2 θ(a2p2t − p2φ csc2 θ) +m2a2 cos2 θ,(10d)
where E is the total energy, L is the angular momentum
and Q is the Carter constant [34]. Using the Hamilton-
Jacobi method, we get the 4-momentum up to two choices
of sign corresponding to the direction of the trajectory,
∆pt =
δ
∆
(Eδ − aL)− a(aE sin2 θ − L), (11a)
∆pr = ±
√
R˜(r), (11b)
∆pθ = ±
√
Θ˜(θ), (11c)
∆pφ =
a
∆
(Eδ − aL)− csc2 θ(aE sin2 θ − L), (11d)
where
R˜(r) = (Eδ − aL)2 −∆[m(r + 2br) +Q+ (L− aE)2],(12a)
Θ˜(θ) = Q−ma2 cos2 θ − (L2 csc2 θ − a2E2) cos2 θ. (12b)
The functions R˜(r) and Θ˜(θ) are are respectively the ra-
dial and angular potentials, the vanishing of which cor-
respond to the radial and angular turning points in the
trajectories respectively.
III. ORBITING EMITTER NEAR KERR-SEN
BLACK HOLE
We are interested in an isotropic emitter orbiting on
a circular and equatorial geodesic at radius rs around a
KS black hole. For such an emitter, we have θ = pi/2,
R˜(r) = 0 and dR˜(r)/dr = 0. Solving these equations
simultaneously for E and L gives
E±
m
=
(r + b)1/2(r − 2M + 2b)± aM1/2
(r + 2b)1/2P 1/2
, (13a)
L±
m
=
±M1/2[r(r + 2b)∓ 2aM1/2(r + b)1/2 + a2]
(r + 2b)1/2P 1/2
,(13b)
where
P = r2 − (3r + 2b)(M − b)± 2aM1/2(r + b)1/2. (14)
Note that the existence of circular orbits requires that
the denominator of (13a) and (13b) is real, i.e.,
(r + 2b)P > 0. (15)
Combining the equations (11) and (13) we obtain the
angular velocity of the emitter, as
Ωs ≡ dφ
dt
=
±M1/2
(r + 2b)(r + b)1/2 ± aM1/2 , (16)
where the plus and minus sign denote the direct or ret-
rograde orbits, respectively. Here and hereafter, we use
the subscript s to represent the “source”.
A. Photon motion and lens equations
For a photon trajectory, we have m = 0 in the geodesic
equations (11). In this case, the energy E may be scaled
out from these equations and it is convenient to introduce
two new dimensionless parameters
λˆ =
L
E
, qˆ =
√Q
E
, (17)
to describe this photon trajectory. Note that we will
always have real qˆ > 0 for all trajectories that intersect
the equatorial plane since Q = p2θ ≥ 0. In terms of the
new parameters, the potentials (12) for the null case can
be written as
R(r) = R˜(r)
E2
= (aλˆ− δ)2 −∆
[
qˆ2 + (λˆ− a)2
]
,(18a)
Θ(θ) =
Θ˜(θ)
E2
= qˆ2 − (λˆ2 csc2 θ − a2) cos2 θ. (18b)
Integrating up the geodesic equations for a photon
trajectory from a source (ts, rs, θs, φs) to an observer
(to, ro, θo, φo), we obtain
−
∫ ro
rs
dr
±√R(r) = −
∫ θo
θs
dθ
±√Θ(θ) , (19a)
∆φ = φo − φs = −
∫ ro
rs
a
±∆√R(r)
(
2Mr − aλˆ
)
dr
+−
∫ θo
θs
λˆ csc2 θ
±√Θ(θ)dθ, (19b)
∆t = to − ts = −
∫ ro
rs
dr
±∆√R(r)
(
δ2 − a2∆− 2aMrλˆ
)
+−
∫ θo
θs
a2 cos2 θ
±√Θ(θ)dθ, (19c)
Here and hereafter, we use the subscript o to denote the
“observer”. We use the slash notation to denote that
the integrals will be evaluated along a photon trajectory
connecting the two points, since a turning point in the
trajectory would occur every time when the effective po-
tential R(r) = 0 or Θ(θ) = 0. That is, there might be
more than one possibilities connecting the two points.
Thus, we will introduce new parameters n, m and s to
tell them apart which we will explain now. We use n = 0
for those direct trajectories with no radial turning point
4and n = 1 for those reflected trajectories with one radial
turning point. As for the θ direction, we apply m ≥ 0
to denote the number of angular turning points and let
s = ±1 depict the final sign of pθ (final vertical orienta-
tion). Then the trajectory equations can be reexpressed
as the “Kerr-Sen lens equations”,
Ir + nI˜r = G
m,s
θ , (20a)
Jr + nJ˜r +
λˆGm,sφ − Ωsa2Gm,st
M
= −Ωsto + 2piN,(20b)
where we have used φs = Ωsts to decouple ts from these
equations and set φo = 2piN for an integral N , and
Ir, I˜r, Jr, J˜r, and G
m,s
i (i ∈ {t, θ, φ}) are the radial
and angular integrals given in App. C which are defined
in the same way as in Ref. [16].
B. Observational appearance
We will now consider the observational appearance of
the point emitter following Refs. [14–16]. The observ-
ables are the images positions, redshift factors and fluxes
which can be expressed in terms of the conserved quan-
tities (17).
The apparent position (α, β) of images on the ob-
server’s screen is obtained as
α = − λˆ
sin θo
, (21a)
β = s
√
qˆ2 + a2 cos2 θo − λˆ2 cot2 θo
= s
√
Θ(θo), (21b)
where s ∈ {−1, 1} denotes the final sign of pθ at the
observer, which represents whether the photon arrives
from above or below.
The “redshift factor” g is obtained as
g =
E
Es
=
(ρb)s
γ
√
∆s
Ξs
1
1− Ωsλˆ
, (22)
where the boost factor γ is defined as
vs =
Ξs
ρ2b
√
∆s
(Ωs − ωs), γ = 1√
1− v2s
. (23)
The normalized flux (comparing to the “Newtonian
flux” FN ) Fo/FN is given by
Fo
FN
=
g3M(ρb)s
γ sin θo
√
∆s
ΞsΘ(θo)R(rs)
∣∣∣∣∣det ∂(B,A)∂(λˆ, qˆ)
∣∣∣∣∣
−1
,
(24)
where we have defined
A ≡ Ir + nI˜r −Gm,sθ ±M
∫ θs
pi/2
dθ√
Θ(θ)
, (25a)
B ≡ Jr + nJ˜r +
λˆGm,sφ − Ωsa2Gm,st
M
. (25b)
Note that computing the flux involves a variation regard-
ing to θs, thus we have generalized the lens equations (20)
to allow θs 6= pi/2. The ± sign in Eq. (25a) corresponds
to pushing the source above/below the equatorial plane.
Like in the KM case [27], these observables (21), (22)
and (24) also have same form as those of the Kerr case,
while the differences come from the specific expressions
for Ξs, (ρb)s,∆s, ωs and Ωs.
IV. NEAR-EXTREMAL EXPANSION
So far, we have set up the problem for the most gen-
eral case. However it is not easy to analytically compute
the emission signals for most of the situations, there-
fore, we will specialize to the case of an emitter orbit-
ing on, or near, the prograde Innermost Stable Circu-
lar Orbit (ISCO) of a near-extremal KS black hole (as
was suggested in Ref. [16]). Without loss of generality,
we take the observer to sit in the northern hemisphere
θo ∈ (0, pi/2). For simplicity, we introduce a dimension-
less radial coordinate R, which is related to the Boyer-
Lindquist radius r by
R =
r − (M − b)
M
=
r −M(1− b˜)
M
, (26)
where we have introduced the reduced twist parameter
b˜ = b/M . In addition, a small parameter  is also in-
troduced to describe the deviation of the KS black hole
from extremity,
a = M(1− b˜)
√
1− 3, (27)
The ISCO of a general KS can be obtained by following
the standard procedure given in Ref. [35] and the leading
order result in the near-extremal limit is obtained as (see
App. B for details)
RISCO = R¯+O(2), (28)
where
R¯ = 21/3(1− b˜)1/3.
Thus, to the leading order in , the source orbits on the
radius
rs = M(1− b˜+ R¯). (29)
In order to keep track of the small corrections, we in-
troduce a new quantity λ instead of λˆ in a convenient
5manner [16], as
λˆ = 2M(1− λ). (30)
Following Ref. [36], a new quantity q is also introduced
as
qˆ = M
√
(1− b˜)(3 + b˜)− q2. (31)
For later reference, we now expand the orbital fre-
quency Ωs and period Ts in , which are given by
Ωs =
1
2M
+O(), Ts = 2pi
Ωs
= 4piM +O(). (32)
To leading order in the deviation of near-extremality,
the orbital frequency remains unchanged for the KS case
compared to the Kerr case, which is different from the
KM [27] and KN (App. A) cases.
A. Near-extremal solutions
Now we solve the Kerr-Sen lens equations (20) in the
near-extremal limit and write the solutions (λ, q) as func-
tions of observer’s time to.
1. First equation
We start with the first equation (20a),
Ir + nI˜r = mGθ − sGˆθ. (33)
The I integrals (radial) and G integrals (angular) are
performed in App. C. The results for the radial integrals
are given by
Ir =
1
q
log
[
4q4Ro
(qDo + q2 + 2Ro)(qDs + q2R¯+ 4(1− b˜)λ)
]
−1
q
log +O(), (34a)
I˜r =
1
q
log
[
(qDs + q
2R¯+ 4(1− b˜)λ)2
4(1− b˜)2(4− q2)λ2
]
+O(), (34b)
where
Ds =
√
q2R¯2 + 8(1− b˜)λR¯+ 4(1− b˜)2λ2, (35)
Do =
√
q2 + 4Ro +R2o. (36)
The results for the angular integrals are given by elliptic
functions which are some explicit functions of q.
We will introduce the main steps for solving this equa-
tion and refrain from giving detailed calculation since a
similar calculation can be found in Ref. [16].
First, we introduce two quantities m¯ and Υ > 0 for
convenience, which are defined by
m = − 1
qGθ
log + m¯, (37)
Υ ≡ q
4Ro
q2 + 2Ro + qDo
e−qG
m¯,s
θ . (38)
The logarithmic term in (37) is introduced to compensate
for the corresponding term in LHS of Eq. (33).
Next, we can rewrite the equation (33) in a simplified
form by using (37) and (38), which leads to a quadratic
equation in λ. Solving this quadratic equation for n = 0
and n = 1, respectively, we obtain the final result as
λ =
2Υ
(1− b˜)(4− q2)
[
2− q
√
1 +
4− q2
2Υ
R¯
]
. (39)
In addition, the conditions for the solution to exist are
obtained as
R¯ <
4Υ
q2
(
1 +
2√
4− q2
)
if n = 0, (40a)
R¯ >
4Υ
q2
(
1 +
2√
4− q2
)
if n = 1. (40b)
We discover that the first equation (33) does not in-
clude in explicity the time to. Thus, for given choice of
m, s, and n, we have arrived at a function λ(q) [Eq. (39)]
with supplementary conditions (40).
2. Second equation
From the second equation (20b) we will get another an-
other relation between to, λ, and q for given choice of m,
s, and n. For convenience, we introduce a dimensionless
time coordinate tˆo restricted to a single period tˆo ∈ [0, 1],
tˆo =
to
Ts
=
to
4piM
+O(). (41)
We can then rewrite Eq. (20b) as
tˆo = N+G, G = − 1
2pi
(
Jr+nJ˜r+2G
m,s
φ −
(1− b˜)2
2
Gm,st
)
,
(42)
where J integrals and G integrals are given in App. C.
The J integrals have similar structures as the I inte-
grals (34) and G integrals are functions of q. Recalling
Eq. (39), we can then conclude that Eq. (42) gives a
function
tˆo(q) = tˆo[q, λ(q)] (43)
for a given choice of m, s, b with a non-zero range of q.
Note also that in the given period of tˆo ∈ [0, 1], N is
uniquely determined.
6For each allowed value of N , inverting Eq. (43) in each
monotonic domain gives multivalued inverses qi(tˆo) with
i a discrete integral labeling each of these inverses. We
know from Sec. III B that the observables of a hot spot’s
image can be written as functions of λ and q, therefore,
each function q(tˆo) corresponds to an image track labeled
by (m, n, s, N, i).
B. Observational quantities
In this subsection, we will expand the observables, in-
cluding the position (21), the redshift factor (22) and the
flux (24), in  and pick up the leading piece. Recall from
the beginning of Sec. IV, we have the near-extremal KS
expansions
a = M(1− b˜)
√
1− 3, rs = M(1− b˜+ R¯),
λˆ = 2M(1− λ), qˆ = M
√
(1− b˜)(3 + b˜)− q2. (44)
By expanding Eq. (21), the image position (impact
parameters) on the observer’s screen is obtained as
α = − 2M
sin θo
+O(), (45a)
β = sM
[
3− q2 + cos2 θo − 4 cot2 θo
−b˜(3 + cos 2θo + b˜ sin2 θo)
]1/2
+O(). (45b)
Note that λ does not appear in the position and the im-
pact parameter α is the same as in the Kerr case. The
other impact parameter β being real gives a range of q,
q ∈
[
0,
√
3 + cos2 θo − 4 cot2 θo − b˜(3 + cos 2θo + b˜ sin2 θo)
]
.
The boundary values of q corresponds to two endpoints
of a vertical line (the analogue of NHEK line [16]), out of
which the image disappears since β is no longer real. For
an observer being able to see the image, the inclination
is required to be in the range of θcrit < θo < pi − θcrit,
where
θcrit = arctan
[
2√
2
√
3− 2b˜− 2b˜
]
. (46)
Next, the redshift factor (22) is expanded as
g =
√
(1 + b˜)(3 + b˜)
(3 + b˜) + 4 λ
R¯
+O(). (47)
The normalized image flux (24) is expanded as,
Fo
FN
=
√
1 + b˜R¯
2
√
1− b˜Ds
qg3
sin θo
√
1− q2
3−2b˜−b˜2
√
Θ0(θo)
×
∣∣∣∣∣det ∂(B,A)∂(λ, q)
∣∣∣∣∣
−1
, (48)
where g and Ds are given in Eqs. (47) and (35), and (see
Eq. (45))
Θ0(θo) = [Θ(θo)/M
2]|λ=0 = β2/M2
= 3− q2 + cos2 θo − 4 cot2 θo − b˜(3 + cos 2θo + b˜ sin2 θo),(49)
and from the definitions of A and B [Eq. (25)], we have∣∣∣∣det ∂(B,A)∂(λ, q)
∣∣∣∣ = ∣∣∣∣ ∂∂λ
(
Jr + bJ˜r
)[
∂
∂q
(
Ir + bI˜r
)
− ∂G
m,s
θ
∂q
]
− ∂
∂λ
(
Ir + bI˜r
)[
∂
∂q
(
Jr + bJ˜r
)
+
∂Gm,stφ
∂q
]∣∣∣∣,
+O( log ), (50)
where we have introduced
Gm,stφ =
(
λˆGm,sφ − Ωsa2Gm,st
)
/M
= 2Gm,sφ −
(1− b˜)2
2
Gm,st +O(). (51)
The G, I, J integrals are given in App. C.
V. RESULTS AND DISCUSSION
To make the results of the observables more practical,
we will make the following choices for the parameters,
Ro = 100, θo = 84.27
◦,
 = 0.01, R¯ = R¯ISCO = 2
1/3
(
1− b˜2)1/3. (52)
In addition, for the reduced twist parameter b˜, we will
restrict ourself to a range from 0 to 0.5. As mentioned
before, the b˜ = 0 case reduce to the Kerr one. While we
take the upper bound b˜ = 0.5 corresponding to the U(1)
charge Q = M , since the charge for an astrophysical
black hole is supposed to be quite small. (Note also,
from App. A, that the Kerr-Newman metric with a non-
zero spin and a U(1) charge QKN = MKN represents a
naked singularity whose apparent shape has been studied
in Ref. [31].) Thus, we have set up a hot spot on the
ISCO of a near-extremal KS black hole with a charge
Q ranging from 0 to M , viewed from a nearly edge-on
inclination by a distant observer. Here we have used
subscript ‘KN’ for physical charges of KN spacetime and
we will use subscipt ‘KM’ for those of KM spacetime.
Charges without subscript are for KS spacetime.
Moreover, we will compare the results for KS black
hole with those for other charged rotating black holes
7(the KN and KM black holes). The result for KM case
can be found in Ref. [27] and the result for KN case is
introduced in App. A.
The main observables of the hot spot image in near-
extremal KS spacetime are given in Sec. III B, which are
the apparent position (α, β) (45), the redshift factor g
(47) and the flux Fo/FN (48). The complete information
of the image consists of pieces from the image segments
labeled by (m,n, s,N, i) for all choices of these parame-
ters (see Sec. IV for details). Next, we will illustrate the
feature of these observables for several selected brightest
images.
In Fig. 1, we show the main observables of these se-
lected bright images in a single period for the reduced
twist parameter b˜ = 0, 0.1, 0.18, and 0.5, respectively.
Note that we choose the specific value of b˜ = 0.18 be-
cause it corresponds to the Sen charge Q = 0.6M , which
will be compared, as a representative example, with the
KN case for the KN charge QKN = 0.6MKN. For each b˜,
each graph has several different colored lines of which the
green one represents the primary image while the others
indicate the secondary images. The secondary images are
much fainter than the primary image apart from near
caustics (where different line segments intersect). The
general features of the primary image (which moves on a
vertical line while blueshifting and spiking in brightness)
and the secondary images (which are also on the vertical
line with a rich caustic structure) are the same as those
for the Kerr case [16]. Note that the graphs for b˜ = 0
agree exactly with [16] which is no surprise since the KS
metric reduce to the Kerr metric in that case. However,
when b˜ 6= 0, the KS case displays quantitatively correc-
tions to the kerr case and also has differences from the
KM (KN) case [27]. Regarding to the apparent position
(45), the impact parameter α stays unchanged when b˜
is varied, while the maximum value of the other impact
parameter β decreases when b˜ is increased from 0 (cor-
responding to βmax = 1.72M) to 0.5 (corresponding to
βmax = 1.31M). From the middle line we see that the en-
ergy flux increases when b˜ is increased. From the bottom
line we see that, when b˜ is increased, the peak redshift
factor associated with the primary image stays around
1.6 (except for b˜ = 0.5) while the typical redshift factor
(corresponding to λ ∼ 0) associated with the secondary
images increases. To be specific, one can obtain this typi-
cal redshift factor from Eq. (47), as g =
√
(1 + b˜)/(3 + b˜).
The astronomical observed iron line [37] might suppose
to be shifted by these factors. Unfortunately, comparing
with the predicted value in the Kerr case [16], the re-
sults obtained in the KS cases are further away from the
observed value. These observational signatures appear
periodically and the period in KS cases stay unchanged
when b˜ is varied. In addition, as in the Kerr case, these
signatures are strongest in the edge-on case (θo ≈ 90◦)
and will disappear when the inclination θo less than a
critical angle θcrit (see Eq. (46)). In the KS cases, this
inclination angle is increased from 47◦ to 56◦ when b˜ is
Kerr KS KN
Q 0 0.6M 0.6M
α −20M −20M −20.53M
βmax 1.72M 1.60M 1.55M
gpeak 1.6 1.6 1.6
gλ∼0 0.58 0.61 0.64
Ts 4piM 4piM 4.1piM
θcrit 47.06
◦ 49.66◦ 51.35◦
TABLE I. Some typical quantities for the near-extremal KS
and KN black hole both with a U(1) charge Q = 0.6M
(QKN = 0.6MKN) and the corresponding quantities for the
neutral Kerr case.
increased from 0 to 0.5.
Furthermore, now we illustrate the representative ex-
ample for the observational signatures of near-extremal
KS/KN black holes both with the same U(1) charge
Q(KN) = 0.6M(KN). As mentioned before, this corre-
sponds to the reduced twist parameter b˜ = 0.18 for the
KS case. The results for the KN case can be obtained
from a comparison with the KM case [27] which has a
mass-dependent charge (see App. A). We find that, in
KS and KN cases, the charges Q(KN) trend to have pos-
itively correlated influences on most of the observables
and these observables are corrected more in the KN case.
However, the impact parameter α and the period Ts in
the KS case stay unchanged but they both are corrected
in the KN case. We show these results explicitly in Ta-
ble I.
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Appendix A: Kerr-Newman black hole revisited and
its observational signature
A useful reference for understanding the charged black
hole in the string theory [the Kerr-Sen (KS) black hole]
is to study its counter partner in the general relativity
[the Kerr-Newman (KN) black hole]. Therefore, here we
briefly review the KN metric and revisit it from a math-
ematical comparison with the Kerr-MOG (KM) metric.
We do the later comparison because the observational
signature of a near-extremal KM black hole have been
studied in Ref. [27] and we will see from below that the
expressions for the near-extremal KM case can be applied
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FIG. 1. Positions, fluxes and redshift factors of the few brightest images for the twist parameter b˜ = 0 (Kerr case), 0.1, 0.18
(Q = 0.6M) and 0.5 (Q = M). We have color-coded by continuous image tracks labeled by (m, n, s, N, i) following Ref. [16].
to the near-extremal KN case upon replacements of the
corresponding parameters in these metrics.
The KN metric is a stationary solution of the Einstein-
Maxwell theory, which in Boyer-Lindquist coordinates
reads
ds2 = −∆KN
ΣKN
(
dt− a˜ sin2 θdφ)2 + ΣKN
∆KN
dr2
+ΣKNdθ
2 +
sin2 θ
ΣKN
(
a˜dt− (r2 + a˜2)dφ)2, (A1)
where
ΣKN = r
2 + a˜2 cos2 θ, ∆KN = r
2 − 2MKNr + a˜2 +Q2KN,
(A2)
with a˜, MKN, and QKN being the spin, mass, and U(1)
charge of the black hole. For later reference, we may de-
fine a reduced charge parameter e˜ = QKN/MKN. When
QKN = 0, this reduce to the Kerr black hole. The ex-
tremal limit for KN black hole is obtained for
a˜2 = M2KN −Q2KN. (A3)
For a comparison of the KS metric and KN metric
from the action level and a comparison of their apparent
shapes, readers may refer to Ref. [31].
Next, we introduce the KM metric which is a station-
ary solution of the scalar-tensor-vector (STVG) modified
gravitational (MOG) theory. We will restore the New-
tonian constant GN to describe the KM metric for the
reason that will become clear below. The KM metric in
Boyer-Lindquist coordinates reads
ds2 = −∆KM
ΣKM
(
dt− a sin2 θdφ)2 + ΣKM
∆KM
dr2
+ΣKMdθ
2 +
sin2 θ
ΣKM
(
adt− (r2 + a2)dφ)2, (A4)
9where
ΣKM = r
2+a2 cos2 θ, ∆KM = r
2−2Mαr+a2+β2, (A5)
with
Mα = GN (1 + α)m, β
2 =
α
1 + α
M2α. (A6)
Here, m and a are mass and spin parameters of the
black hole and α is the deformation parameter defined by
G = GN (1 + α) with G being an enhanced gravitational
constant. Moreover, Mα and J = Mαa are, respectively,
the ADM mass and angular momentum of the KM metric
[38]. In addition, K =
√
αGNm is defined as the gravi-
tational charge of the MOG vector field and β in (A6) is
a parameter related to this charge. Note that, unlike the
U(1) charges of the KS and KN black holes which are in-
dependent from their masses, this gravitational charge in
the MOG theory is mass-dependent. The extremal limit
for KM black hole is obtained for
a2 = M2α − β2. (A7)
As briefly introduced above, the physical starting
points of the KN and KM metrics and their interpre-
tations are both quite different. Nevertheless, it is in-
teresting that the KN metric (A1) and the KM metric
(A4) have very similar mathematical forms of their ex-
pressions. We will interpret Mα as the mass of the KM
black hole as suggested in Ref. [38] corresponding to MKN
in the KN black hole, then the only difference between
these metrics comes from the mass-dependencies of their
charge parameters. Furthermore, this difference become
irrelevant in the expressions for the (near-)extremal cases
due to the constraints (A3) and (A7). In those cases,
we may mathematically identify the KN metric and KM
metric upon MKN → Mα and QKN → β(=
√
M2α − a2).
As have been shown in the main text (as well as in
Refs. [16, 27]) that the computations for the observables
of an orbiting emitter on the ISCO of a near-extremal ro-
tating black hole only rely on the spacetime metric and
the geodesics in it. Therefore, the results in Ref. [27]
for the KM case can be applied to the KN case upon to
the replacements: Mα → MKN and
√
M2α − a2 → QKN.
Note that in Ref. [27] it has set Mα = 1 and used spin
a to represent the modified parameter α due to the re-
lations (A6) and (A7). To be specific, the near-extremal
KM cases for a = 1, 0.8 and 0.717 correspond to the
near-extremal KN cases for e˜ = 0, 0.6 and 0.7. As a par-
ticular and representative example to be compared with
the corresponding KS case, we have discussed the KN
case for e˜ = 0.6 in Sec. V, for which we have borrowed
the results of the KM one for a = 0.8 from Ref. [27].
Appendix B: ISCO of a near-extremal Kerr-Sen
black hole
The innermost stable circular orbit of a particle in the
equatorial plane can be obtained by instantaneously solv-
ing the following equations [35],
R˜(r) = 0, dR˜(r)
dr
= 0,
d2R˜(r)
dr2
= 0, (B1)
where R˜(r) is given in (12a).
For the near-extremal Kerr-Sen case, we have
a = M(1− b˜)
√
1− 3. (B2)
In order to solve the radius of ISCO in this case to the
O() order and note that the result should reduce to that
in the near-extremal Kerr case when b˜ = 0 [16], we then
assume rISCO has a form of
rISCO = M(1− b˜) +Mf(M, b˜) (B3)
with f(M, b˜) a undetermined function. Solving Eqs. (B1)
under the condition (B2) and the assumption (B3), we
obtain
f(M, b˜) = 21/3(1− b˜)1/3. (B4)
Appendix C: Integrals
1. Radial integrals and matched asymptotic
expansion method
The radial integrals appearing in the “Kerr-Sen lens
equations” (20) are defined in the same way as [16]
Ir = M
∫ ro
rs
dr√R(r) , I˜r = 2M
∫ rs
rmin
dr√R(r) , (C1a)
Jr =
∫ ro
rs
Jr√R(r)dr, J˜r = 2
∫ rs
rmin
Jr√R(r)dr,(C1b)
Jr = 1
∆
[
a(2Mr − aλˆ)− Ωs
(
δ2 − a2∆− 2aMrλˆ)],(C1c)
where δ and ∆ are defined in (5), Ωs is defined in (16),
R(r) is defined in (18a) and rmin is the largest (real) root
of R(r) = 0. These equations are valid when rmin < rs,
which is always true for a light that can reach infinity.
These radial integrals (C1) can be approximately per-
formed, to the leading order in  in the near-extremal
limit, by using the matched asymptotic expansion (MAE)
method which was introduced in Refs. [16, 36] (this MAE
method has also been applied to the large dimension limit
in Ref. [39] recently).
Next, we will take Ir for example to show the tech-
nical steps. For convenience and self-consistence in this
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appendix, we cope the relevant formulas to here:
R(r) = (aλˆ− δ)2 −∆
[
qˆ2 + (λˆ− a)2
]
,
δ = r2 + a2 + 2b˜Mr,
∆ = δ − 2Mr. (C2)
We will use the dimensionless radial coordinate, R = (r−
M+Mb˜)/M , for convenience. In the near-extremal limit,
we have the expansions (from the beginning of Sec. IV),
a = M(1− b˜)
√
1− 3, rs = M(1− b˜+ R¯),
λˆ = 2M(1− λ), qˆ = M
√
(1− b˜)(3 + b˜)− q2.(C3)
By introducing two constants 0 < p < 1 and C > 0, we
split the Ir integral into two pieces,
Ir = M
2
∫ pC
R¯
dR√R +M
2
∫ Ro
pC
dR√R . (C4)
The scaling of p introduces a separation of scales  
p  1 as → 0, such that the first piece of integral is in
the near horizon region R ∼  and the second piece is in
the far region R ∼ 1.
In the near horizon region, we make the change of vari-
ables x = R/ and expand in  at fixed x. Thus the first
piece of integral is:
M2
∫ pC
R¯
dR√R
= M2
∫ p−1C
R¯
[ dx√
q2x2 + 8(1− b˜)λx+ 4(1− b˜)2λ2
+O()
]
=
1
q
log
[ 2q2
qDs + q2R¯+ 4(1− b˜)λ
+ (p− 1) log + logC
]
+O(p), (C5)
where
Ds =
√
q2R¯2 + 8(1− b˜)λR¯+ 4(1− b˜)2λ2, (C6)
In the far region, we expand in  at fixed R. The second
integral then reads:
M2
∫ Ro
pC
dR√R = M
2
∫ Ro
pC
[ dR
R
√
q2 + 4R+R2
+O()
]
=
1
q
log
[ 2q2Ro
qDo + q2 + 2Ro
− p log − logC
]
+O(p), (C7)
where
Do =
√
q2 + 4Ro +R2o. (C8)
By adding up Eqs. (C5) and (C7), we get the complete
integral:
Ir =
1
q
log
[ 4q4Ro
(qDo + q2 + 2Ro)(qDs + q2R¯+ 4(1− b˜)λ)
]
−1
q
log +O(), (C9)
where Ds and Do are given in (C6) and (C8). Note that
the constants p and C are cancelled in the final result.
The remaining radial integrals in (C1) can be obtained
in a similar way using the MAE method. We now list
all of the results for these integrals which appear in the
Kerr-Sen lens equations (20), as follows:
Ir =
1
q
log
[ 4q4Ro
(qDo + q2 + 2Ro)(qDs + q2R¯+ 4(1− b˜)λ)
]
−1
q
log +O(), (C10a)
I˜r =
1
q
log
[ (qDs + q2R¯+ 4(1− b˜)λ)2
4(1− b˜)2(4− q2)λ2
]
+O(), (C10b)
Jr = −7− 2b˜− b˜
2
2
Ir − 1
2
(Do − q)− 3 + b˜
8
(qR¯
λ
− Ds
λ
)
+ log
[ (q + 2)2R¯
(Do +Ro + 2)(Ds + 2R¯+ 2(1− b˜)λ)
]
+O(), (C10c)
J˜r = −7− 2b˜− b˜
2
2
I˜r − 3 + b˜
4
Ds
λ
+ log
[ (Ds + 2R¯+ 2(1− b˜)λ)2
(4− q2)R¯2
]
+O(), (C10d)
where Ds and Do are given in (C6) and (C8). If we take
b˜ = 0, the above results are exactly the same as those of
Kerr [16].
2. Angular integrals
We are also interested in the angular integrals appear-
ing in the lens equations (20) defined in the same way as
Ref. [16]
Gm,si =
{
Gˆi m = 0,
mGi − sGˆi m ≥ 1, i ∈ {t, θ, φ}. (C11)
with
Gi = M
∫ θ+
θ−
gi(θ)dθ, Gˆi = M
∫ pi/2
θo
gi(θ)dθ, (C12)
and
gθ =
1√
Θ(θ)
, gφ =
csc2 θ√
Θ(θ)
, gt =
cos2 θ√
Θ(θ)
, (C13)
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where Θ(θ) is the angular potential defined in (18b) and
θ± are roots of it.
Following Refs [16, 40], we obtain the results for these
integrals in the near-extremal limit, as
Gθ =
2
(1− b˜2)√−I−K
(
I+
I−
)
+O(), (C14a)
Gˆθ =
1
(1− b˜2)√−I−F
(
Ψo
∣∣∣I+I−
)
+O(), (C14b)
Gφ =
2
(1− b˜2)√−I−Π
(
I+
∣∣∣I+I−
)
+O(), (C14c)
Gˆφ =
1
(1− b˜2)√−I−Π
(
I+; Ψo
∣∣∣I+I−
)
+O(),(C14d)
Gt = − 4I+
(1− b˜2)√−I−E′
(
I+
I−
)
+O(), (C14e)
Gˆt = − 2I+
(1− b˜2)√−I−E′
(
Ψo
∣∣∣I+I−
)
+O(), (C14f)
where
I± =
q2 − 6 + 2b˜2 ±
√
(4− q2)(12− q2 − 8b˜)
2(1− b˜2) , (C15)
and
Ψo = arcsin
√
cos2 θo
I+ . (C16)
In addition, E′(φ|m) = ∂mE(φ|m), and F (φ|m),
E(φ|m), Π(n;φ|m) are the incomplete elliptic integrals of
the first, second and third kind, respectively, and K(m),
E(m), Π(n|m) are the complete elliptic integrals of the
first, second and third kind, respectively.
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